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Observations on some sequences supplied by
inequalities
S¸tefan M. S¸oltuz∗
Abstract. The convergence of some sequences supplied by inequal-
ities is used in order to prove the convergence of Ishikawa and Mann
iterations. Our purpose in this note is to give some observations on
these sequences.
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1. Introduction
Four Lemmas are needed in [1], [2], [3], [4], [5], [6], [8], [9], [11], [14] for the con-
vergence of (Mann) Ishikawa iteration. In this note we will give new proofs for two
of them. Also, we will show that two Lemmas are dependent. We will give new
applications.
We need Lemma 1 from [14]. We will give a new proof for it.
Lemma 1. [14] If (an)n, (bn)n are two real nonnegative sequences satisfying




then (an)n is convergent.







n=1 bn <∞. For a fixed ε > 0 , there exists n0 such that for all n, p ≥ 1
with p− 1 ≥ n, we have
Sn0+p−1 − Sn0+n < ε. (3)
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From (1) we know
an0+n+1 ≤ an0+n + bn0+n,
an0+n+2 ≤ an0+n+1 + bn0+n+1,
...
an0+p ≤ an0+p−1 + bn0+p−1.
Summing, one obtains




an0+p − an0+n ≤ Sn0+p−1 − Sn0+n < ε.
Hence (an)n is fundamental. Thus the limit of (an)n exists. ✷
In the proof from [14] lim and lim are used.
If (an)n from (1) has a subsequence which converges to zero, then (an)n will
converge to zero. Let us remark that if (an)n is decreasing, then (an)n is not
necessarry convergent to zero. Take an = 1 + 1n , bn =
1
n2 . The assumptions of
Lemma1 are verified, but an → 1.
The following lemma can be found in [16] as Lemma 4. Also, it can be found in
[8] as Lemma 1.2, with another proof.
Lemma 2. [16], [8] Let (Ψn)n be a nonnegative real sequence satisfying
Ψn+1 ≤ (1− λn)Ψn + σn, (4)
where λn ∈ (0, 1),
∑∞
n=1 λn =∞ and σn = o(λn). Then limn→∞Ψn = 0.
A very useful result is the following Lemma:
Lemma 3. [6] Let (βn)n be recursively generated by
βn+1 = (1 − δn)βn + σ2n, (5)






n=1 δn =∞. Then βn ≥ 0
for n ≥ 1,and βn → 0 as n→∞.
Lemma 1 is used for the convergence of (Mann) Ishikawa iteration in [3], [14].
Lemma2 is used in [2], [8], [9], [11]. Lemma 3 is used in [1], [4], [6].
The following result is Lemma 1 from [5], with another proof.
Proposition 1. [5] Let (an)n, (bn)n and (cn)n be three nonnegative sequences
which satisfy
an+1 ≤ (1 + bn)an + cn, (6)
where
∑∞
n=1 anbn <∞ ,
∑∞
n=1 cn <∞. Then there exists the limit of (an)n.
Proof. We have
an+1 ≤ an + bnan + cn
an+2 ≤ an+1 + bn+1an+1 + cn+1
...
an+p+1 ≤ an+p + bn+pan+p + cn+p
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Summing, one obtains
















n=1 anbn <∞ ,
∑∞
n=1 cn <∞. Let ε > 0 be a fixed number. There
exists n′0 such that ∀n ≥ n′0, we have
∑n+p
k=n bkak < ε/2. For the same ε > 0 there
exists a n0” such that ∀n ≥ n0”, we have
∑n+p
k=n ck < ε/2. We take n0 := max{n′0,
n0”}. For all n ≥ n0 we have













Thus (an)n is fundamental in [0,∞). Hence there exists the limit of (an)n. ✷
Proposition 4 is used in [5], for the convergence of Ishikawa iteration with errors
introduced in [15].
2. Lemma 3 implies Lemma 2
We need the following Lemma:






σ2n <∞⇒ σ2n = o(δn). (8)
Proof. Our assumptions lead us to










We have two cases:
I) The case in which limn→∞ σ2n = 0 and limn→∞ δn = 0. We fix n ≥ 1. Then
there exists εn > 0 such that σ2n = εnδn. We have εn < δn, else εn ≥ δn, hence
σ2n < δn ≤ εn. Thus σ2n < δnεn, which is in contradiction with σ2n = εnδn. If n ∈ N,
then there exists a sequence (εn)n such that εn < δn. Thus
0 ≤ lim
n→∞ εn ≤ limn→∞ δn = 0. (10)
Hence σ2n = o(δn).
II) The case in which limn→∞ σ2n = 0 and limn→∞ δn = 0. We know σ2n = εnδn,
∀n ≥ 1. Then limn→∞ εn = 0. Hence σ2n = o(δn). ✷
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Remark 1. The two converses of Lemma 2 are not true.








A counterexample is given by: δn := 1/
√
n, σ2n = 1/n, εn = 1/
√
n, ∀n ≥ 1.








A counterexample is given by: δn := 1/n2, σ2n = 1/n
3, εn = 1/n, ∀n ≥ 1. We will
prove that Lemma 3 implies Lemma 2.
Proposition 2. Let (βn)n be a nonnegative sequence which satisfies
βn+1 = (1 − δn)βn + σ2n, (13)
where (δn)n, (σ2n)n ⊂ (0, 1), and
∞∑
n=1
σ2n < ∞, (14)
∞∑
n=1
δn = ∞. (15)
Then the sequence (Ψn)n which satisfies
Ψn+1 ≤ (1 − δn)Ψn + σ2n, (16)
converges to zero and
σ2n = o(δn). (17)
Proof. From Lemma 5, we have (4), (5) ⇒ (7). Let us consider the sequence
given by
Ψ1 = β1,
Ψn+1 ≤ (1 − δn)Ψn + σ2n.
We have Ψ1 ≤ β1. Supposing Ψn ≤ βn, we prove Ψn+1 ≤ βn+1. Thus we have
Ψn+1 ≤ (1 − δn)Ψn + σ2n ≤ Ψn+1 ≤ (1− δn)βn + σ2n = βn+1. (18)
From Lemma3 we know that limn→∞ βn = 0. Thus limn→∞Ψn = 0. ✷
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3. Applications
Proposition 3. Let (an)n be a nonnegative sequence which satisfies
an+1 ≤ (1 − αn)an + αnβn, (19)
where (αn)n ⊂ (0, 1),
∑∞
n=1 αn =∞ and limn→∞ βn = 0. Then limn→∞ an = 0.




and from limn→∞ βn = 0, we have σn = o(λn). Lemma 2 implies limn→∞Ψn = 0,
hence limn→∞ an = 0. ✷
If βn = ε, ∀ n ≥ 1, then we recognize Lemma 1 from [12]. The conclusion is
0 ≤ lim supn→∞ an ≤ ε.
Using Lemma2, we are able to improve Proposition 2.5 from [13]:
Proposition 4. Let (an)n be a nonnegative sequence which satisfies
an+1 ≤ (1− αn)an + αncn, (20)
where αn ∈ (0, 1), ∀n ≥ 1,
∑∞
n=1 αn = ∞, (cn)n is a nonnegative sequence and∑∞
n=1 αncn = l. Then
lim
n→∞ an = 0. (21)
Proof. Let (βn)n be the sequence given by
β1 : = a1,
βn+1 : = (1 − αn)βn + αncn, ∀n ≥ 1.
We observe that a1 ≤ β1. We suppose an ≤ βn and we prove that an+1 ≤ βn+1. We
have
an+1 ≤ (1− αn)an + αncn ≤ an+1 ≤ (1− αn)βn + αncn = βn+1. (22)
Hence an ≤ βn∀n ≥ 1. From Lemma2 with δn := αn and σ2n := αncn, we have
limn→∞ βn = 0. Thus limn→∞ an = 0. ✷
In proposition 2.5 from[13] the conclusion is 0 ≤ limn→∞ sup an ≤ l.
References
[1] C. E.Chidume, Iterative approximation of Lipschitzian strictly pseudo-
contractive mappings, J. Math. Anal. Appl. 99(1987), 283-287.
[2] C. E.Chidume, C.Moore, The solution by iteration of nonlinear equations
in uniformly smooth Banach spaces, J. Math. Anal. Appl. 215(1997), 132-146.
[3] C. E.Chidume, C.Moore, Fixed point for pseudocontractive maps, Proc.
Amer. Math. Soc. 127(1999), 1163-1170.
[4] C. E.Chidume, M.O.Osilike, Approximation methods for nonlinear opera-
tor equations of m-accretive type, J. Math. Anal. Appl.189(1995), 225-239.
106 S¸.M. S¸oltuz
[5] L.Deng, L. Sheghong, Ishikawa iteration process with errors for nonexpan-
sive mappings in uniformly convex Banach spaces, International J. Math. 24
(2000), 49-53.
[6] J.C.Dunn, Iterative construction of fixed points for multivalued operators of
the monotone type, J. Funct. Anal. 27(1978), 38-50.
[7] S. Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc.
44(1974), 147-150.
[8] Zhou Haiyun, Jia Yuting, Approximation of fixed points of strongly
pseudocontractive maps without Lipschitz assumption, Proc. Amer. Math. Soc.
125(1997), 1705-1709.
[9] L.Liu, Approximation of fixed points of a strictly pseudocontractive mapping,
Proc. Amer. Math. Soc. 125(1997), 1363-1366.
[10] W.R.Mann, Mean value methods in iteration, Proc. Amer. Math. Soc.
4(1953), 506-510.
[11] C.Moore, The Solution by iteration of nonlinear equations involving Psi-
strongly accretive operators, Nonlinear Anal. 37(1999), 125-138.
[12] J.A. Park, Mann-iteration for strictly pseudocontractive maps, J. Korean
Math. Soc. 31(1994), 333-337.
[13] S¸. M. S¸oltuz, Some sequences supplied by inequalities and their applications,
Revue d’analyse nume´rique et de the´orie de l’approximation, Tome 29, No. 2,
(2000).
[14] K.K.Tan, H.K.Xu, Approximating fixed points of nonexpansive mappings
by the Ishikawa iteration process, J. Math. Anal. Appl. 178(1993), 301-308.
[15] Y.Xu, Ishikawa and Mann iterative process with errors for nonlinear strongly
accretive operator equations, J. Math.Anal. Appl. 224(1998), 91-101.
[16] X.Weng, Fixed point iteration for local strictly pseudocontractive mapping,
Proc. Amer. Math. Soc. 113(1991), 727-731.
